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A free fermion representation of the rolling tachyon boundary conformal field theory is constructed. 
The representation is used to obtain an explicit, compact, exact expression for the boundary state. 
We use the boundary state to compute the disc and cylinder amplitudes for the half-S-brane. 
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O . I. INTRODUCTION 

(N . 

' One of the most important puzzles in string theory is the fate of unstable D-branes and how to describe their time 
\ evolution toward that fate. An intriguing conjecture for their time evolution is due to Ashoke Sen [3| and is called the 

rolling tachyon ■ It asserts the existence of an exact time-dependent classical solution of string theory describing 

the decay of a D-brane by the condensation of open string tachyons. 
. In the sigma model approach to the boson string, the rolling tachyon is obtained by adding an exactly marginal 
I ' boundary operator to the world-sheet action, 

S = -— [ drdadX'' ■dX''+ <{ dafAe^''+i?e-^"K... (1) 
! 47r Jm JdM ^ ' 

^sj We use units where a' = 1. The second term is the boundary interaction corresponding to the tachyon field, with A 
and B constants determined by the initial conditions. The remaining terms denoted by three dots are the action of 
|n , a c = 25 conformal field theory and ghosts. 

In the idealized situation, where the tachyon condensate is space-independent, the other degrees of freedom decouple 
^ , from the time component and we can study it by itself. We shall assume that this is the case, and will not discuss 
'Y' ' the other coordinates or ghosts further in this Paper. Note the negative signature of the kinetic term for X° arising 
CIhI from the fact that it is the time coordinate. 

^ The simplest choice for the tachyon profile in is A = | and B = 0. With this profile the conformal field theory 

([T|) describes an unstable D-brane in the past which then decays into a more stable configuration. In this Paper, we 
will focus on this configuration, sometimes called the half-S-brane. The profile originally discussed by Sen |^ has 
A = B = g/2 is termed the fuU-S-brane. fs^. 

To analyze this theory, we begin with a Wick rotation to Euclidean time, X'^ iX^ . After Wick rotation, 
the interaction in J^l is a periodic function of X^ . (From now on we will drop the superscript 0.) It describes a 
non-compact boson with a periodic boundary potential. 

The conformal field theory of a massless scalar field living on a strip with an exactly marginal periodic boundary 
interaction (with A — B) aX one boundary and Dirichlet condition at the other boundary was discussed a decade 
ago in refs.p, 'Bl]. In ref.jSJit was shown that the boundary state can be given as an exact sum of reparametrization 
invariant Ishibashi states 0,0 of the SU{2) current algebra. 

Sen observed that this boundary state can be used to describe the rolling tachTOnJll. Since then, a lar ge b od y 
of work has explored the implications of this exact, time dependent b ackg round [l|, Ip, II, 0, O, ^i IT^ Il4 ITsl 
IlllTlIllIlllHlllllllMlMIMIllllllMlMS Ha S llallilsgl. it has greatly improved 

our understanding of the time dependent processes driven by the tachyon instability in string theory. However, our 
understanding of the final fate of the unstable D-brane and details of the dynamics of the rolling tachyon process is 
still far from complete. The exact time dependent description is only available for the first few lower levels and a 
complete description of the time evolution of the boundary state is still lacking. 
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In this Paper we shall discuss a free fermion representation of the boundary conformal field theory of the rolling 
tachyon. Our representation is a generalization of one which was proposed by Polchinski and Thorlacius Like 
ref.0,13, they studied a two-dimensional scalar conformal field theory on a strip with a marginal periodic interaction 
at one boundary and Dirichlet condition at the other boundary. In order to find a free fermion representation of the 
conformal field theory, they had to introduce an extra boson. The advantage of the resulting fermionic representation 
is that the boundary interaction becomes a simple fermion current operator which is bilinear in fermion fields. The 
result is a free field theory of ferniions interacting with a boundary potential. Ref. j4Ci | used it to compute the boundary 
S-matrix and the partition function which they found to agree with results of the current algebra technique ^ . 

Here we shall extend the fermion conformal field theory formulated in ref.^3 the open string to the closed 
string sector. We will discuss the construction of Neumann, Dirichlet and rolling tachyon boundary states in the 
fermion language. We will find simple closed form expressions for them. In order to demonstrate the equivalence 
of the fermion and boson approaches, we use the fermion boundary state to compute the disc amplitude and find 
agreement with known results. We also use it to compute the cylinder amplitude. 

One interesting feature of the closed string sector is that, to obtain all of the discrete momentum and wrapped 
sectors of the periodically identified boson, we must consider states from the Hilbert spaces of both Ramond and 
Neveu Schwarz fermions. 



II. PRELIMINARIES 



Before we go on to discuss the fermion representation of the rolling tachyon in later Sections, we pause to review 
some of the essentials of bosonization and fermionization in this Section. Wc will discuss the representation of a closed 
string boson variable by fermions. We will show how to find boundary states in terms of fermion variables and we will 
compute partition functions for closed and open strings. This is a warmup exercise for the slightly more complicated 
fermionization of the rolling tachyon system which will appear in later Sections. 



A. Bosonization and Fermionization 



In two dimensional conformal field theory, fermions and bosons are mapped to each other by 

il;^{z) = e-'^P" : e^'■^^'^^W :, ^[{z) = e*^f« : e^^'^^(^) : (2a) 
V'fl(z) = e-'^P"- : e*^'^"^^) :, = e'^P^ : e"*^'^"^^") : (2b) 

where 4'r{z) and (j)L{z) are the right- and left-moving boson fields, respectively. The exponentials e^*^^^'^ are 
cocycles, necessary to make ipR^z) and ipLiz) anti-commute. (See Appendix for more about cocycles.) Here and 
Pfi are moment and the normal ordering is defined below. 

The complex number z is the coordinate of the complex plane. The coordinates of the Euclidean cylinder, (t, cr), 
are related to it by the conformal map z = e'^+*°', z — e'^~*°'. The left- and right-moving boson operators are defined 
by the mode expansions: 



(/iL(r -I- ia) 



--XL 



x/2 ^ ^/2 



Pl[t + Id) 
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(3a) 
(3b) 



The non-vanishing commutators are 



[xl,Pl\ = I 



[xr,Pr\ 



(4a) 
(4b) 



A representation of this algebra begins with a vacuum \pl,Pr) which is an eigenstate of momenta (pltPr.) and is 
annihilated by positively moded oscillators 



Pk\pL,PR)=0 , i3k\pL,PR) = , k>0. 



(5) 
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Excited states are created by negatively moded oscillators, 

(/3_ifn/3-2)'^...(/9-i)^K/3~2)"^..bL,Pi?) , fc„,fc„ = 0,l,2,... 

Normal ordering of any operator puts all negatively moded operators to the left of positively moded operators. 
The equal-time commutation relation in Euclidean space-time is 

[cj)iT,c7),dr(l)iT,a')]^2TrS{a-a') (6) 

where 

(f>{T,a) ^ (I)l{t + ia) + (I>r{t - ia). (7) 
The commutation relations and equation of motion 

which is solved by the decomposition (UJ are obtained by canonical quantization of the field theory with action 

= ^ / d-^'i'^ 9aq^ (8) 

Fermions have the mode expansion 

n n 
n n 

with non- vanishing anticommutation relations 

[i^ni^ll'i] ^ 5ni+n , {i'm^i^'l^ ^ 5-rn+n- (10) 

We must distinguish between the cases when the fermions have periodic or anti-periodic wave-functions on the 
cylinder. When they are anti-periodic their mode expansion has oscillators ipn labeled by n which are half-odd- 
integers, (n S Z -I- 1/2) so that {tpLjfpR) (— V'l, — V'fl) when a ^ a + 2tt. The oscillators can be uniquely separated 
into those with positive and negative modes. A representation of is found by beginning with the vacuum state 
which is annihilated by all positively moded oscillators 

V'J;|o)^s = o, ^t|o>^5 = o/ ^ ^ 

and creating excited states by operating on the vacuum with negatively moded oscillators 



with /c„, fc„, fc^, /c^ = 0, 1. 

The fermion theory with anti-periodic boundary conditions and half-integrally moded oscillators is called the Neveu- 
Schwarz (NS) sector. When both left- and right-moving fermions are antiperiodic it is called the NS-NS sector. 

When the boundary condition for the fermions is periodic, the oscillators are labeled by integers (n g Z). Then, 
the oscillator with n = is a fermion zero mode. Because of the presence of this zero mode, the states are degenerate. 
We begin with the state | ) defined by 

)=0, ^Pn\ )=0 71>0l , . 

I— )=0, ^Pi\—)=Q n>0/- ^ ^ 

Then, the degenerate vacuum states are f) = ^o^o I )' l^ — ) = '^o I )' I — ^) — I )' I )• Excited states 

are created from the four vacuum states by operating with negatively moded oscillators. 
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A fermion with periodic boundary conditions is called a Ramond (R) fermion and the theory which we are discussing 
where both left- and right-moving fermions are periodic is called the R-R sector. 
The non- vanishing equal-time anti-commutation relations are 

{Vi(r,a),4(r,a')} = 27r5(a-a') , {t^^It, a), a')} = 27r<5(a ~ a'). (13) 

The fermions with this anti-commutation relation and the equations of motion 

{dr + ida)ipL ^ , {dr ~ida)i'n.^Q 
result from quantization of the field theory with Euclidean action 

S=^J drda [^l [dr + id,) 4'L + V4 {dr - id,) ^^r] . (14) 

We shall see in the following that we shall need to use both R-R and NS-NS fermions. 

The fermion theory produces states where the momenta and pn have certain discrete values. To see this, we 
recall that momenta are related to fermion numbers. The number operators are obtained by integrating 

: ^1{z)^l{z) ■■ ^ iV2drMz) , : V'lj(^)V'fl(^) : = - tV2drMz) (15) 
which can be gotten from Eqs. (|2a|) . (j2b|l and the operator product expansion. The momenta are then 

PL = — : v1(^)V'l(2) : , PR ^ - — : Vlj(^)V'i?(z) : . (16) 

In our quantization of the fermions, the fermion number operators have integer spectra in the NS sector and, because 
of the fermion zero modes, half-odd-integer spectra in the R sector. In the NS-NS-sector 

oo oo 
PL = {^-n^n - , PR = ^ ^1 {'^-n'^n " V'-nV'ji) (17) 

and in the R-R sector 



PL 



OO ^ OO ^ 



71=1 



Consistent with this, in the formula (|2a|l . for example, the momentum and coordinate appear as 

= e-»f ?'^e-"^-^'^"-^P^'"+-. (19) 

Then, unraveling operator ordering gives 

V'l(t, a + 27r) = -e"2"P^VL(T, a). 

From this, we see that, to get anti-periodic NS fermions, the momentum p^ should be quantized as integers, whereas 
to get periodic R fermions, it should be quantized as half-odd-integers. 

The fact that the fermion theory produces only states where the momenta are quantized in either integer or half-odd- 
integer units means that they can only correspond to some of the states of the boson theory where, for a non-compact 
boson, the momentum is a continuously varying quantum number. On the other hand, this changes when the boson 
is periodically identified. Then, when the spatial coordinate of the boson is periodic, the momentum is discrete, and 
we might hope to match the discrete momenta of compact boson with fermion numbers in the fermion theory. Indeed, 
the periodicity of the boson should be compatible with the bosonization formulae, (|2a|l and (|2 b|) . 

We can see this more clearly by comparing partition functions of the two theories. The Hamiltonian in the boson 
and fermion representations are 

Lo = ^pI + E /3-n/3„ - ^ , Li = ^p% + f2p_J^-^, (20a) 

neZ + l/2 jieZ+1/2 

= E " ■ ■ +^ ' = E ■ • (20c) 

nez neZ 
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where, in (|20a|l . /3o = Pl and (3q = pi^. The partition functions for left-movers are 

_ 1 



Tr 



Tr 



Tr 



T ^ 



T 



q ^Y^qhvl \{^-- 

PL n—1 

OQ 



n=0 



n=l 



Using the Jacobi triple product identity 

oo 



n=0 



we can derive the identities 



n£Z n=l 



oo 



neZ 



n=l 



q" 



oo 
oo 



(21a) 
(21b) 
(21c) 

(22) 

(23a) 
(23b) 
(23c) 



n=0 



Using these identities, we see that boson partition function with p^ restricted in various ways is equivalent to 
various fermion partition functions: 



Tr 
Tr 



r " 



q^o 



Tr 



Tr 



Tr 

= Tr 
- Tr 



T NS 

q^o 



q^o 



when PL = 2 ' ( even integer ) 
when PL = 2 ' ( "-"^^ integer) 
when PL — { integer ). 



(24a) 
(24b) 
(24c) 



A similar consideration holds for the right-moving sector. 

It is interesting to ask how we could reproduce the partition function of a compact boson field. Consider the 
periodic identification 



2tiR 



(25) 



Because the coordinate is identified periodically, the total momentum is quantized. In addition, the string world-sheet 
can wrap the target space cycle, so there is a quantized wrapping number. The quantized total momentum is the sum 
of left- and right-moving momenta. The wrapping number is proportional to the difference of left- and right-moving 
momenta, which is therefore also quantized. The result is 

\/2 r- 

Pl+Pr^ -fT ■ mteger , pl - Pr ^ V2R- mteger. (26) 
H 

This correlates the momenta in the right and left-handed sectors. The appropriate identifications are 

or its T-dual R — \f2. Note that both of these would be consistent with the bosonization formulae H2a() and ((2b)). 
(When R = l/-\/2 the right and left-handed fermions can be double- valued.) We will consider R = 1/^/2. Then 



PL + Pi? = 2 • integer , pL - Pr = integer 



(28) 
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This determines the spectra of the momentum operators pl and pr. Clearly, these equations are solved when both 
Pl and pn are integers, or when both are half-odd-integers, with the additional constraint that their sum is an even 
integer. 

To fermionizc this system, we must combine different sectors of fermions in such a way as to reproduce this spectrum 
of momenta. It is straightforward to show that 



Tr 



rH ft 



= Tr 



Tr 



-(l + (-ir+P«)g^o q^o 



(29) 



In the fermion traces, pl and —pR are identified with the fermion number operators ]l<i\i . Remember that p^ and pu 
are integers in the NS-NS sector and are half-odd-integers in the R-R sector. 

In Eq. H29|l . we have enforced the condition that p^ + Pr must be an even integer by inserting the projection 
operator ^ (1 -f (—1)^^''"^^ ). The trace in the NS-NS sector sums over those states where both and pr are integers 
and the sum p^ + pr is even, therefore the difference p^ — pr is also even. The trace in the R-R sector sums over 
states where both p^ and pr are half-odd-integers, then, when p^ +Pr is even, p^ —pR is odd. Including both sectors 
then sums over states where pl + Pr. is even and pl — Pr are any integers, matching the spectrum of the compact 
boson with identification X ^ X + \f2-K exactly. 

The projection in Eq. (|29|l is reminiscent of the GSO projection of the fermionic Neveu-Schwarz-Ramond string 
which obtains the non-supersymmetric type string theory. In the following, we shall see that different compactifi- 
cations of closed string coordinates which are consistent with fermionization of those closed string bosonic degrees of 
freedom generally involve such a projection, and the details of the projection depend on the specific compactification. 



B. Boundary States 

The boundary state is a state of closed string theory which represents the interaction of closed strings with a 
D-brane. It is a closed string state which is annihilated by the boundary condition that would be imposed on an 
open string embedding function when the open string world-sheet ends on the D-brane world-volume. Depending 
on whether the open string embedding function is longitudinal or transverse to the brane, the boundary condition is 
Neumann or Dirichlet, respectively. Let us assume that the cylindrical world-sheet of the closed string encounters a 
D-brane when the world-sheet coordinate r = 0. The Neumann and Dirichlet boundary states for the bosonic string 
obeylH 

<^L(0,a)|7V) = </),j(0,a)|7V), (30a) 
<^l(0,(t)|D) - -4>R{Q,a)\D) . (30b) 

The conditions H30a|) and Ij30b|) are solved by 

\N) = 51 ft (~^^-"'^-") \'P^~'Pl) , (31a) 

PL 71 — 1 ^ ■''^ 

1^) ^ E ft (^^-"^-") \p^^p^^ ■ (3^^) 

PL n—1 ^ 

In the fermion representation with Eqs. H2a|) and (|2b|) . Eqs. H30a|l and (|3Qb|) imply that the boundary states satisfy 

V'L(0,fT) |iV) = iij^j,iO,a)\N) , vl(0,fT)|iV> =i^fl(0,(7) |iV), (32a) 
i^i(0,a) \D) - -i^R[0,a)\D) , vl(0, a) = -i^j,(0, a) \D) . (32b) 

Note that we have chosen cocycles in such a way that they cancel from these boundary equations. 
A solution of these equations in the NS-NS sector is 

oo 

\N)ns = W e<^-^^-^+^-^-)\Q)^s^ (33a) 

n^l/2 
oo 

\D)ns = n e-<^-^-^+^~^^-) (33b) 

n=l/2 
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and in the RR-sector, 

oo 

\N)j^ = Yl e"''-"^-" • e*'''-"'^-") I ) , (34a) 

n=0 
oo 

\D)j^ ^ Jl e-*^-"^-" • e-*'^->-" . (34b) 



C. Open String Partition Functions 

Now that we have constructed boundary states in the fermion representation, it is possible to compare open string 
partition functions. The boson Hamihonians are given in H20a() . In the boson theory, the partition function for the 
open string coordinate with Neumann boundary condition is 

oo ^ 

zui] - {N\q^^^+^^^ \N) = ^/--A n 

PL n=l 



The momentum here is summed over all integers and half-odd integers. We see this from the following argument: 
We recall that, with the periodic identification H25|l of the boson at i? = l/\/2, the momenta are quantized so that 
they obey the constraints in Eq. (|28|l . In the Neuman state, pn = —pL comes from the Neuman boundary condition. 
Therefore p^ + pr — and the first condition, that p^ + pr be even, is automatic. Further, the second condition, 
that PL — PR must be an integer, tells us that 2pL ^integer. Thus, pl in the summation in H35|l can take any integer 
or any half-odd integer value. We will now show that the boson states where p^ is an integer correspond to fermion 
NS-NS states and those where pL is half-odd-integer correspond to fermion R-R states. 

In the NS-NS sector the Hamiltonians are given in (j20b|l . The NS-NS contribution to the partition function is 

oo 

«M = Ns{N\qi^^'+^^')\N)^, = q-^^ n (1 + 9^")' (36) 

n^l/2 

oo ^ 

- E r'-^^ n 

meZ n=l ^ 

In the last step, we used the Jacobi triple product identity 12211 with z = 1. Comparing the partition functions, we 
find that the Neumann state in the NS-NS sector contains only the bosonic states where pl is an integer. 

To get the states where pl is a half-odd-integer, we must consider the R-R sector. The R-R sector Hamiltonians 
are given in (|20cl) and the R-R contribution to the partition function is 

oo ^ 

n— 1 m n—1 ^ ^ / 

Indeed we see that, the R-R sector of the fermion theory corresponds to the boson states where pl is a half-odd-integer. 

Then, in order that the fermion theory produce the correct partition function, we need both the NS-NS and R-R 
sectors, 

ZnnIq] = Z^^i,[q] + Z^^[q] (38) 

Here, we could have completed the projection analogous to Eq. (|^ by including the projector ^ (1 + [—1)p^+'P'^) in 
the traces. However, in both the NS-NS and R-R fermion Neumann boundary states, the total pl + Pr, which is the 
difference of right and left-handed fermion numbers, is zero. Thus, the projection would have trivial effect and we 
have not done it explicitly. 

In summary, the description of the open string coordinate with Neumann boundary conditions in fermion variables 
requires use of both the NS-NS and the R-R sectors and the projection onto states with even total momentum, which 
is trivial in this case. 
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The boson partition function for Dirichlet states is 

-E'^t^^'-ini^- (39) 

PL n=l 

Now, since + Pn. rnust be an even integer and = pr, pl must be an integer. There are no half-odd-integer 
momentum states in this case. 

By some simple algebra we find the partition function Z]jD[q\ in the fermion theory, using the fermion boundary 
states \D) Eq. l|33H)l and Eq. l|34K)l . In the NS-NS sector 

= n (1 + ^'^-r - E '^['""^^ n (40) 

n=i mSZ Ti = l 

Note that pi +pb^ is an even integer in all NS-NS Dirichlet states so the projection is a trivial operation here. However, 
because of fermion zero modes, it is odd in R Dirichlet states, so the R-R sector partition function must vanish, 

ZgoiQ] = {D\\ (1 + i-ir+P-) qi^o +^o )\D) = 0. (41) 

We see again that the projected combination of fermion NS-NS and R-R sectors indeed produces the boson partition 
function for open strings. 



III. ROLLING TACHYON AND FERMIONIZATION 



After the Wick rotation, the rolling tachyon is described by the boundary conformal field theory (We choose B = 
and A = f .) 

I drdadaXdaX - ig-K i ^e'^ . (42) 
An J J 2tt 

Note that the factor of i in front of the interaction comes from the fact that the world-sheet coordinates are also Wick 
rotated to Euclidean space and that the boundary integration variable cr is a spatial coordinate here, so is not Wick 
rotated. 

It is this theory which is solvable and which we shall represent using fermions. We will do this by constructing a 
boundary state. It is a state of closed string theory which is annihilated by the open string theory boundary condition. 



X{T,a) 



3 ■ JX(r,a) 



\B) = 0. 



(43) 



This is the boundary condition that one would impose in order to avoid surface contributions to the equation of 
motion when it is derived from varying the action (|42|l . Our goal is to find the boundary state \B) which satisfies this 
equation. 

There is an important obstacle to introducing fermions in the most straightforward way. The periodic potential for 
the boson X(t, cr) in H42|l has the wrong period to produce the fermionized closed string degrees of freedom which 
we discussed in the last Section. Recall that, in order to have a sensible fermion representation, the boson had to be 
identified with period 4>{j, a) ~ 0(t, a) + y/2iT. Here the period is X{t, a) ~ X{t, a) + 2tt. 

Following ref. ji^l , we observe that this problem can be fixed by doubling the boson degrees of freedom. Accordingly, 
we introduce a free boson Y{t, a) such that the action (|42() is replaced by 

^ = ^ / drda {daXdaX + daYdaY) - ign J '^e'''^°^"\ (44) 

We will assume that the Y-boson has a Dirichlet boundary condition and that, like AT, it is periodically identified 
with 



Y r^Y + 2t: 



9 



We will then construct a double boundary state, \B,D) which obeys the boundary condition for X as in Ea. H43() as 
well as an additional condition for Y, 



Y{0,a) \B,D) = 0. (45b) 

Since X and Y do not interact, it will be always be easy to separate the contribution of the y-ficld from matrix 
elements. Its contribution factors into one for a free boson with a Dirichlet boundary condition which is easily 
identified and discarded in the amplitudes that we compute. 
The Dirichlet boundary condition for Y in Ij45b|) implies 



[drYLiO, a) - drYniO, a)] \B, D) = 0. (46) 
Using Ij45bp and (|46|) . we can re-write (|45a|l as 



-1 n \ 

— — (Xi(0, a) + 1l(0, ^)) + Tr7r o) - YdQ., a)) 

^9 . gi(Xi(0,<T) + yi(0,O-)) . . gi(JfH(0,<T) + Y-H(0,(T)) . 



\B,D)^0. (47) 



An infinite factor from normal ordering e*^'^^''^^ = ^iYl {o, cr ) ^iYr {0,(7) ^^^^ been absorbed into g. We can re-express the 
boson fields as the canonically normalized pair 

XlIt, <j)+YLiT, a) XrIt, <j)+YRiT, a) 
(piL{T,a) = -j= , 0ifl(T,(7) = -j= (48a) 

, / N Xl{t,(j) - Yl{t, a) Xr{t,c7) ~ Yr{t, a) 

4>2l{t,(t) = -j= , 02fl(r,cr) = -j= . (48b) 

In terms of these, we obtain 



\B,D)^0, (49a) 



[0iL(O,a)-|-0ifl(O,a)-02L(O,(T)-02fl(O,<T)] \B,D)^0. (49b) 

Note that, normal ordering for (X,Y) implies normal ordering for ((^1,(^2)- 

The problem that has been solved here is the following: Recalling our discussion of fermionizing a compact boson 
surrounding Eqs. H26|l and (|27|l . we see that, when written in terms of the variables (f>i and (j)2, the equation for the 
boundary state (|49a|) . has the correct periodicity for identification of the exponentials with fermion operators. This 
is in contrast with its previous form (|43|l in terms of X .The definitions l|48a|) and Ij48b|) of (j>i and 02, imply the 
identifications ^ + -\/27r and (1)2 ^ 4>2 + \/27r when X ^ X + 2t: and Y ^Y + 27r. 



A. Fermion representation of the doubled bosons 



We will now need to generalize fermionization to the doubled system. There are two species of left and right-handed 
fermions, together with their conjugates, 

Mz) = TliL :e-''^*-(^): ,^ifl(z) = : e*^^i«(^) :, (50a) 

= mL :e^^*-(-): ,^2r{z) = mn : e-'^-^-t^") : . (50b) 

The explicit expression of the cocycles is given in the Appendix. The cocycles have been carefully adjusted so that all 
independent fields anti-commute. Some further freedom is used to adjust them so that they do not appear explicitly 
in other formulae, such as the fermion boundary conditions that we will find below. The fermion currents are given 

by 

iV2dr(t>iL{T,(j) = : a')-0iL(T, cr) : , ~ iV2dr(f>iB.{T,a) iplj^{T,cr)ipiR{T,cr) : (51a) 

-iV2dr(l)2L{T,(j) = : ^\j;^{T,(T)i>2L{T,(j) : , iV2dr(t)2R{T,a) =: iljlj^{T,a)ip2R{T,a) : . (51b) 
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In order to construct the rolling tachyon boundary state we shall need a fermion representation of \N,D). In boson 
variables it obeys the boundary condition 



{XL{Q,a)^XR{0,a))\N,D)^0 , {YL{Q,a) + Yn{0,a))\N,D) = 



or 



4>iLiO,a)\N,D) =4>2RiO,a)\N,D) =0 , <l,2LiO,cT)\N,D) = 4>iR{0,a)\N,D) 

In fermion variables, 

V'iL(0,a)|iV,Z?) = ij2R{0,a)\N,D), ^2l{0,<j)\N,D) = -ijiR{0,a)\N,D), 
^Pl^iO,a)\N,D) = ~^plj,{0,a)\N,D), 4^{0,a)\N, D) ^ ^pl^iO,c7)\N, D). 



(52) 

(53) 

(54a) 
(54b) 



We will construct this state (and others) explicitly in the next Section. Note that Eq. H53|l already implies the 
boundary condition in Eq. (|49b|) . 
Now, Eq. H49a|l becomes 



: VL(0,a)^iL(0,a) : + : ^^(0, a)^2fl(0, fx) : +ig7r : ^l^{0,<j)^,R{0,a) :] \B,D) = 0. 
A solution of this equation is 

\B,D) = expj^zgTry^ : VL(0,(T)V2L(0,tT) :j \N,D). 



(55) 



(56) 



To see this, note that, substituting H5t)|) into H55|) implies 

V'L(0,a)V'iL(0,a) : + : ^^,{0, a)^2B.iO, a) : - 

+ig7ri>l^{0, a) (V^ifl(0, a) + V'2l(0, a)) 



\N,D)^0. 



(57) 



Indeed, using Eqs. H54a() and (|54b|) we see that this is an identity as both the combination of the first two terms and 
the last term annihilate the state \N,D). 

In the next Section, we will give an explicit construction of the Ncumann-Dirichlet state \N,D). Then, combining 
the result with H56() will finally yield the complete solution of the problem of finding a fermion representation of the 
rolling tachyon boundary state. 

A further observation is that the fermion boundary condition for the rolling tachyon boundary state can be presented 

as 



{^PiL{0,a) -t7Tg^2L{Q,<j))\B,D) = ^2^X0, a)\B, D), 

-^P2LiO,c7)\B,D) = ^PiRiO,a)\B,D), 

(i;l^{Q,a)+i7rgi^l^{0,a))\B,D) = i,lj,{Q,a)\B, D), 

-4^{0,a)\B,D) = i;lj,iO,a)\B,D). 



(58a) 
(58b) 

(58c) 
(58d) 



B. Quantum theory of the bosons (01,02) 
To fix our conventions, we shall examine the free boson fields (0i, 4>2) = (^^(-^ + '^^^ ^ ^-') ^'^^ action 

S^^J drda ((901)2 + (902)') = ^ / drda {{dX)^ + {dY)^) . (59) 



They have the mode expansion 



V2 V2 V2 " 



KR{T-icr) = -J=XaR ^7rafl(T-ZCr) + -^ V-/3Q„e" 



1 ~„ 



%{T — i<7) 



(60a) 
(60b) 
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The non-vanishing commutation relations are 

[Pan,f3bm] = nS{n + m)Sab, fian,f3bm 



The doubled fermions have mode expansions 



n 



(61) 



nS{n + m)Sab- 



— n(r+ifT) 



(62a) 
(62b) 



where the non-vanishing anti-commutators are 



(63) 



In our discussion of a fermion representation of a single boson, we noted that the momenta {t^iltT^ir) are identified 
with fermion numbers, and they also control the periodicity of the fermions under cr — > ti 4- 27r. This quantization 
of the fermion number and therefore the momenta requires a periodic identification of the boson. For example, if 
f/i'iL ~ + •\/27'', then piL is quantized either as integers or half-odd-integers. Integer momentum corresponds an 
NS fermion whereas half-odd-integer momentum corresponds to an R fermion. Then, for example, to get all of the 
states of the compact boson cf)i = + 4>ir. with cf)i ^ -\- we must take the NS-NS and R-R states of the 
fermions (V'lL, V'li?) a-nd further project onto states where tti = -kil + ttir is an even integer. 

A similar construction obtains all of the states of the compact boson 02 and the total space of all states is the 
direct product of these representations. However, these are not quite the correct states to describe the theory which 
has compact bosons X and Y with identifications X ^ X + 2Tr and Y ^ Y + 27r. To correctly describe them, we need 
the states where the momenta of X and Y , rather than (f>i and (f)2 are quantized appropriately. It is easy to see that 
these are the states where 



TTlL + TT2L + T^IR. + '^2R = 2mx 
T^IL - 7r2L + T^IR - T^'IR = 2mY 
T^IL + 7r2L - T^IR - T^-ZR = 2wx 
TTlL — 7r2L — TTli? + 7r2/?^ = 2wy 



(64a) 
(64b) 
(64c) 
(64d) 

where {mxjmYjivxjWY) are integers. In order to satisfy Eqs. H64a|) - (|64d|l . there are two possibilities: all momenta 
(ttil, TTifl, 7r2L, 7r2_R) must be integers, or all momenta (ttil, t^ir, t^zLtT^zr) must be half-odd integers. As a result, both 
fermions {4'il,4'ir) and {ip2L,i^2R) must be NS-NS, or both must be R-R. Then, in addition to this constraint, to 
obtain all states satisfying satisfy Eqs. H64a() - (j64d|) . it is sufficient to project onto states where one of the combinations 
in l|64a|) - (|64d|) is even, for example states where ttil — it2l — t^ir + t^2R is even. This can be done with the projection 
operator 



(65) 



These are the states where, in our convention for identifying momenta and fermion numbers, the total fermion number 
is even. 

To confirm that this is the correct projection of the fermion states, let us compare partition functions. The partition 
function for the AT-boson is 



Z[q,q] = Tr[<7^-«g^ 



1 „2 12 



^ ^ qiPxLqiPxR . 



J--'- 1 - ( 



(66) 
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Since both m and n are integers, m + n and m — n must either both be even or both odd. Thus, 







2 




2" 




oo 


Z[q, q] = 




+ 








g - Hi 

1 



(67) 



and the partition function for the {X,Y) system is just the square, {Z[q,q])'^. 

We wiU now see if we recover this result in the fermion theory. In the projected NS-NS sector we get 



ZNs[q,q] = Tr 



7- TVS fNS 

Pq^o q^o 



9-^11(1+9"+^; 



9-An(i-g"+^; 



(68) 



Here, the first term comes from the 1 in the projection operator. The second term comes from the second term in the 
projection operator, which changes the sign of the excites states. The Jacobi identity leads to 



ZNs[q,q] ^ 



and in the projected R-R sector, 



E 



nez 



E(-i)"9^" 



oo ^ 



(69) 



ZR\q,q] = Tr 



Pq^o q^o 



nez 



^211(1 + 9' 

1 

OO ^ 

11 1 _ „n 



n=l 



(70) 



Here, we have used the identities in Eqs. (|23a|l - H23c|l . Indeed, by comparing the partition functions, 
{Z[q,q]f = ZNs[q,q] + ZR[q,q] 

OO ^ 

= (^1 + 8|g|^ + 16|g| + 4^ + 4g + IGg'^Q^ + 16g^g^ + + + 16g'^+ ...j 11 1 — 

n— 1 

2 oo 

^ [l + A\q\i +2q + 2q+ 9"^ H 



(71) 



C. Current Algebra 

It is well known that the vertex operator : e^^^^iz) together with : g-'^^^Li^) ; and idrX{z) form a level-one SU{2) 
Kac-Moody algebra when the theory is defined on a circle with the self-dual radius Rx = 1 

^z^(z), 



(72) 



This SU (2) algebra plays an important role when one constructs the boundary states for the conformal field theory 
with the periodic boundary interaction. It is known 0, |^ that the boundary state can be written in terms of the 
Ishibashi states as 



J+iz) 




:, J-{z) 




r{z) 


n 








— 2 "+™' 

- /+ 







j 771 >0 



i^)=EE ('2tr)(*"-9)""i^'"^'"^)) 



(73) 
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where \j, to, to)) are the SU (2) Ishibashi states and j = 0, |, 1, |, . . . . 

However, one drawback of this approach is that it is quite laborious to trace the exphcit time dependence of 
the Ishibashi states beyond the first few levels. Furthermore, it is almost impossible to work out the explicit time 
dependence of all Ishibashi states. Because of this difficulty, a complete description of the long time behavior of the 
full boundary state is still lacking. (See, however, recent discussion on this point by Sen 45].) 

For practical purposes, it would often be more convenient to rewrite the boundary state in the closed string oscillator 
basis. In particular, it would be useful for the study of its physical properties such as time evolution and closed string 
emission. However, it is quite difficult to express the Ishibashi states in general in such a way. An exception is the 
scalar sector which does not involve any oscillators. If we expand the boundary state in the bosonic oscillator basis, 
we obtain 

\B) = /(t)|0,t)+.9(i)a-i5-i|0,i) + --- , (74) 

fit) = Y.^tngf^O,t\j;j,j). 
j 

Adopting the phase convention for as in 0, we have 

fit) = Y.^-^9e'f' = YT—t (75) 
1 + TTge^ 

where we have done the reverse Wick rotation back to Lorentzian time. 

In the fermion theory, the degrees of freedom are doubled. Indeed, there are two species of left-moving fermions 
'4>iL and '02L which we expect to form a doublet under SU{2)l. This SU{2)l Kac- Moody algebra is realized as the 
current algebra of the fermion currents 



J+(z) = :V-ljz)V'2L(z):-:*I(.)^^i^P^*^(^):, 

Jl{z) = : V4lWV^il(^) ^l{z)^^^^p^^ l{z) : (76) 
Jli^) - ^ (: <(^)^il(^) : - : ^L(^)V'2l(^) :) =: ^l{z)^^ l{z) : 



where 

We might expect that the doubling of degrees of freedom comes with an enhanced symmetry. Indeed, if we decompose 
the complex fermions into real and imaginary parts, we find an 50(4)^ = SU{2)l x SU{2)'j^ algebra. In terms of the 
complex generators, the SU{2)l algebra is ifT^ and S'[/(2)^ is 

J'tiz) = : <(z)VLW WY*!*^:, 

2 

J'liz) = ■.Mz)Mz):^'i:^i{z)^^L{z): (77) 

J'li^) - ^ (: i^lLiz)^iLiz) : + : VL(^)^2l(^) :) = ^ : ^{{z)^ l{z) : 

The algebras (|76|) and H77|) commute with each other and each is a level-1 SU{2) Kac-Moody algebra. 

Note that, because tpn^ and tp2L have the same boundary condition in the NS-NS and R-R sectors, both sets of 
charges Jq and J'q commute with the Hamiltonian and the symmetries are not broken by boundary conditions. A 
similar discussion applies to right-handed fermions. 



IV. EXACT BOUNDARY STATE FOR THE UNSTABLE D-BRANE 



In the Section II we studied the fermion representation of a conformal field theory with a single boson. The Neumann 
and Dirichlet boundary conditions in the boson theory were shown to be realized as linear boundary conditions in 
the fermion theory and the boundary states were constructed explicitly. In Section III we constructed the boundary 
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state of the rolling tachyon as a certain global chiral SU(2) rotation of a mixed Neumann-Dirichlet state of the X 
and Y bosons. It remains to complete our task of finding the rolling tachyon boundary state by finding the explicit 
Neumann-Dirichlet boundary state in the fermion theory. We will address this problem in this Section. The result will 
be a fermionic representation of the exact boundary state for the unstable D-brane. To begin, in the next Subsection, 
we will construct some simple boundary states with combinations of Neumann and Dirichlet boundary conditions for 
X and Y. 



A. Some Simple Boundary States 

In this Subsection, we will consider mixed boundary states \N,N), \N,D), \D,N) and \D,D) where A'' and D 
denote Neumann and Dirichlet boundary conditions and the first and second label is the condition for the X and Y 
bosons, respectively. We will translate the boundary conditions to conditions on the fermion variables. We then use 
these conditions to construct the boundary states in the fermion representation. In order to get all of the states of 
the boson theory, this must be done in both the NS-NS and R-R sectors of the fermion theory. We will also show 
that these boundary states are related to each other by simple global SU{2)l d) SU{2y^ rotations. 

We begin with the | A'', N) state which obeys the boundary conditions 

XL{0,a)\N,N)=XR{0,a)\N,N), YL{0,a)\N,N) =YR{Q,a)\N,N), (78) 
This implies the fermion boundary conditions (see Appendix) 

(V^L(0,(T)-iVlfl(0,a))|7V,iV) =0, {^Pl^{0,a)-i1p,n{0,a))\N,N)=0, a =1,2. (79) 
The boundary state which obeys these conditions is, in the NS-NS sector, 

DC 

\N, N)nS = n + #l-rV^l,-r) (l + ii'l,-ri>l,-r) (l + i4,-r4,-r) (l + i^2,-r^2,-r) |0) (80) 

and in the R-R sector 

oo 

1^. = n (l + ^V^l-n'/^l-n) (l + ii>l,-ni^l,-n) (l + i4,-n4,-n) (l + i^2,-ni>2,-n) \ )• (81) 

Here, we use the notation | ) = | ) | ) where the ordering of zero mode state labels is V'il, V-'I-Rj 4'2L, 4'2R- 

Note that the oscillator parts of the boundary states in the two sectors are practically identical. A difference lies in 
the vacuum states. In the NS-NS sector we use the direct product of the NS-NS vacua for each of the two species of 
fermions. In the R-R sector, the vacuum is degenerate and we must choose the combination of states which obeys the 
boundary condition. 

Note that the boundary conditions only determine the boundary states up to a phase. In the NS-NS sector, the 
phase has been fixed by requiring that {0\N, N)ns = 1, which matches the phase convention which we choose in the 
boson theory. We will do this consistently in the NS-NS sector for all of the boundary states that we construct. In the 
RR-sector we shall discuss a similar matching of the phases in a later Section. That matching of phases is anticipated 
in the formulae for R sector states presented in this Section. 

The boundary state \N,D) has the boundary condition 

XL{0,a)\N,D)=XR{0,<7)\N,D}, YUO,'j)\N,D) = -Yn{0,<j)\N,D). (82) 

In terms of fermions (see Appendix), 

iM0,a)-,P2R{0,a))\N,D) = 0, (V^2l(0, a) + Vik(0, (T))|iV, i?) = 0, (83) 
(^-^(0, a) + 4j,{0, a))\N, D) = 0, (^^^(0, o) - 4r{^, ^))\N, D) = 0. 

The boundary state \N^D) is 

\N, D)nS = n (l + V^l.-^2,-0 (l - ^l,-rV'2,-.) (l + V'L-rV'2,-r) (l - ^l,-r4,-r) |0) (84) 
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OO 

\N, D)r + V^l.-nVl^n) (l - V^I,_n'/'2.-„) (l + 4,-n^2,-n) (l " V'l.-nV^l-J I ^ + - +)• (85) 



n=0 



The boson boundary condition for jZ?, N) is given by 

XL{Q,a)\D,N) = -XR{0,a)\D,N) YL{Q,a)\D,N) =YR{Q,a)\D,N), (86) 

which can be transcribed into the fermion boundary condition as 

i^iL[0,a)\D,N) = 4^[Q,a)\D,N), ij2L{0.<j)\D , N) ^ ij\j,[0,a)\D , N) , (87) 
^\^{Q,a)\D,N) = -V2K(0,a)|Z?,7V), VL(0, fT)|i?, iV) = -^1^(0, a)|i?, TV). 

The boundary state \D,N) is 

OO 

\D, N)ns = n (l - ^l-r4,^r) (l + i^l.-Jl.-r) (l + V^l.-rV'2.^r) (l ^ ^l,-r^2,-.) |0), (88a) 

OO 

\D, N)n = n (l - ^l-«^2,-«) (l + V'l,-™^!,-,.) (l + ^i,^«^2,-„) (l - ^i,-„^2,-„) I ). (88b) 

n=0 

Finally we construct the boundary state \D, D). It obeys the boundary conditions for boson variables as follows 

XLiO,<7)\D,D) ^~XiiiO,a)\D,D), Yl{0, a)\D, D) = -YniO, a)\D, D) . (89) 

The corresponding boundary condition in the fermion theory is 

i^iLiO,cT)\D,D) = iiPiRiO,a)\D,D), ^2LiO, <y)\D, D) = -iiP^niO, ct)\D, D) , (90) 
^{^{0, a)\D, D) = z^i^(0, a)\D, D), ^^{0, a)\D, D) = -i4j,{0, a)\D, D). 

A solution of these equations is the boundary state 

OO 

\D,D)nS^ n (l+^l-rV^l.-r) (l + (l-^4,-A-'■) (l - Z^2,-rV^|,_,) |0), (91a) 

' 2 

OO 

\D, D)r = n (l + ^4,-n'4>l,^n) (l + iVl.-nV^I.-n) (l " z4,-r>2,^„) 



ji=0 



(l-zV'2,-„^J,_„) I - + -+). (91b) 



The boundary states that we have constructed are related to each other by global SU{2)l x SU{2)'^ rotations. The 
easiest way to see this is to note that the boundary conditions which they obey are related in this way. It is easy to 
check that 

\D,D) = e-''''''^o+Jo)\N,N) = e-''"'^\N,D) = e-''<\D,N). (92) 

Note that, unlike the transformation which obtained the rolling tachyon boundary state in Eq. (|56|l . which was not 
unitary, the transformations in Eq. H92f) are unitary rotations. 

B. Open string partition functions 

In this subsection, we will consider the open string partition function for the boundary conditions described by 
the boundary state \N,D). We will show that the partition functions computed using the boson and the fermion 
representation of the boundary states are indeed identical. 

The boundary state in boson variables is 

°° / 1 \ 

\N,D)= ^ n^^pf (/3l,-n/92,-n + /32,-n/3l,-ri) j |7riL,7rifl, -TTifl, -TTil). (93) 
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Where Ittil, tti/j, 7r2L, ''^2r) = \''^il,t^ir > ®\''^2Li t^2r) is the direct product of vacuum states for and (j)2 and we 
have taken the boundary conditions into account in constraining TT2L = —t^ir and 'K2R = —t^il- The momenta -kh, 
and TTiR in Eq. H93(l can have either integer or half-odd-integer values and should be summed over those values which 
are appropriate to the compactified X and Y bosons. The constraints were given in Eqs. (|64a|l - l|64d|l . For the states 
in \N.D), where ■K2L = t^ir and 'IT2R — t^il, these reduce to 

TriL-TriR = wx , mx = , wy = , ttil + ttir = my ■ (94) 

Here, wx and my are integers and there are two possibilities: ttil and tti/j are both integers (then wx and my are 
either both even or both odd), or ttil and ttia are both half-odd-integers (and one of mx or wy is even and the other 
is odd). 

The open string partition function for the |iV, D) state is 

ZiND\NDM = {N, D\ qLia + L,o + L,o+i.o (95) 

where 

LaQ +LaO = ^ {ttIl + T^Ib) + ^ {Pa-nPa,n + Pa.-nf^a.,-^ " (96) 



1 / T o \ / , , ~ ~ \ 1 

n=l 

labeled by a = 1,2 belonging to (pi or (^2. The partition function is computed as 

2 

. . r 9 9 11/ — ^ 1 1 

^(Af_D|ArD)['5'] 



TiL,7rifi Vti— 1 / 




where we have explicitly indicated summations over the two possible sets of values of (7rii,7ri^), where both are 
integers or both are half-odd-integers. 

To confirm that the above factorizes into partition functions for a Neumann state and Dirichlet state, we would 
re-arrange the summations as 

rn.n^Z \n— 1 ^ / 

= f E ft TZ^) = ViA')M^(i^ii^)M 

VmeZ n=l ^ / 



(98) 



where, in the last step, we observe that, if we keep m — n fixed as we vary m and n, the values of m -I- n and m + n + 1 
together sweep over all of the integers. Because the X and Y bosons are compactified at the self-dual radius, the 
Neumann and Dirichlet partition functions are identical, thus the square in Eq. H98|) . 

We will now compute the open string partition function .^(Ar_D|AfD) [?] in the fermion theory. We must consider 
states both in the NS-NS and R-R sectors and project onto states where the total fermion number is even. In both 
R-R and NS-NS sectors, the total fermion number of the boundary states is already even and the latter projection is 
not needed. Using the expression for the boundary state derived in the previous Subsection, we find: 
• The partition function .^(jvdiatd) [g] in the NS-NS sector: 

oo 

zJS,i»D,[<;l = 9-* n (1 + 9'")* 



m,n \n—l / 



(99) 
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The partition function ^(jvDliVDjM in the R-R sector: 



rvR 

^(ND\ND) 



[q] = 2^11(1 + '?' 



(100) 



The total partition function is given as a sum of contributions from both sectors, -^(ATDiArD) M = ^{n'd\nd)\-1\ + 
^(ND\ND)ll\- Upon combining the expressions in H99|) and pUU|) we find precise agreement with the partition function 
in the boson theory Eq. 

C. Exact Boundary State for the Rolling Tachyon 

Recall that the boundary state for the rolling tachyon is given in Eq. H5t)|) . which we copy here: 

^V'LV'2L=5]V'I,„^2,-„ (101) 

with n € Z + ^ in the NS-NS sector, n g Z in the R-R sector. Combining ifS^ with Eqs. ijHlJ and (|S3|l . we find the 
explicit form of the boundary state is 



\B.D) 



NS 



\B,D)i 



GO 

n (l + '01,-rV'2 -r) (l+V'|_rVl-r-«7r5-0|__^V2,-r) ' 

' 2 

• (l - -01 -rV'l -r - ^TTgVl -rV'l^-^r) (l - l/jl ^2,-^) |0) 

OO 

n (l + V'L-„V'2,-n) (l + l/ij _„V'l,-n - «7rgVi| _„V2.-n) ' 
n=0 

(l - '^2~n^l,-n - iT^gVl -n-'/'l,-™) (l " "01 _„'02,-«) | - 



(102a) 



(102b) 



The formulae presented in Eqs. H102a|l and Ijl02b|l are our main result, the fermion representation of the boundary 
state of the rolling tachyon. Note that, in these states, the total fermion number is even, so they both correspond 
directly to boson states, with no further need of projection. 



V. OPEN STRING PARTITION FUNCTION FOR THE ROLLING TACHYON 



Now that we have an explicit expression for the boundary state in Eqs. p02a|l and Ijl02b|l we can form the open 
string partition function j49| 



ZiBD\BD)[q] - {B,D\q'^<'+'^<'\B,D). 

In the NS-NS sector this is given by 



OO 

E cw^' n 



n 1 — 



(103) 



(104) 
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where 



and in the R-R sector, 



C = 1 + ^TT^g^ + gnJ 1 + jn^g'^ 



zUibdM - (cUr^)%^ n [(i + cg^")(i + r^^")]^ 

m—1 

oo ^ 



nez 



(m-n)2^(m+n+l)^l(m+n+l)2 



oo ^ 



H 2 



,2n 



n=l 



(105) 



It is easy to see that combining (|104|l and pU5|) obtains a summation over all integers m — n where, holding m — n 
fixed, m + n and m + n + 1 together also take on all integer values. Thus, we get 



Z{BD\BD)[l] + Z{BD\BD}[l] - ZddM 



jiez 



J-A 1 -(? 



(106) 



where Z]jo[<l] is the Dirichlet partition function of the y-boson and our result for the rolling tachyon partition function 



IS 



oo -J 



(107) 



nez 



n=l 



VI. DISC AMPLITUDE AND TIME EVOLUTION OF THE ROLLING TACHYON 

We have found a fermion representation of the states of compact bosons. However, the original problem of the 
rolling tachyon that we set out to solve was in Minkowski space. The rotation to euclidean space should not produce 
a compact boson. Instead, our computations should be regarded as being incomplete, we should discard all wrapped 
states and we have only found a subset of the continuous spectrum of momentum states of the non-compact boson. We 
might hope, nevertheless, that the discrete sampling of momentum states that we have found are enough to determine 
the spectrum. 

For example, recall that the momentum and wrappping integers for the X and Y-bosons are given by 
(mx , wjf, "T-F , ) which in turn are the combinations of the momenta (ttil, ttia, 7r2L, 7r2i?) .given in Eqs. H64a|l - 
H64d|l . To set the two wrapping numbers to zero, we set ttil — ttib. = ""i and 7r2L = 7r2fl = tt2- Then 
{mx,wx,rnY,WY) = (tti +7r2,0,7ri -7r2,0). 

Consider the matrix element of this state with the \N,D) boundary state as given in the bosonic theory (|93|l . 



(7ri,7ri,7r2,7r2|iV, Z?) = 

If we define the position space state, 

1^'^) ^ ^ E e-*^('^^+"^)-*^("^-"^Vi,'ri,'r2,^2) 



we see that 



{X,Y\N,D) = e'^^'''+'''^+'^^'''-''''>S^,^^^, =^(5(y + 27m) 



(108) 
(109) 

(110) 



which is what we would expect, given the Dirichlet boundary condition for Y. Note that this formula retains the 
information that we treated Y as a compact boson. 

In the following, we will learn how to obtain the same result in the fermion representation. Then, we will compute 
{X, Y\B, D) using the fermion theory and compare it with the known result of the current algebra computation H75|l . 
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A. Momentum states 

To begin, we must find tlie fermion representation of the boson states wliieli are oscillator vacua and eigenstates of 
the momentum operators, Itti^^, tti^, 7r2L, 7r2fl). In the fermion representation in Eqs. (|51a|l and (|51b|) . 

^ :7Ai^(0,(T)V'iL(0,a) : , = - ^ ^ : ^1^(0, a)^i^(0, a) : (lUa) 

^ : VL(0- ^)^2l(0, a): , ^ j> ^ ■ ^L(0, f^)^2fl(0, a) : . (111b) 



The state \t^ilt''^iRtT^2L,t^2r) is an eigenstate of fermion number operators and, since it is a vacuum for the boson 
oscillators, it must be annihilated by the positively moded boson oscillators. These correspond to the positively moded 
components of the fermion charge densities, which can also be found from Eqs. H51a(l and Ij51b(l . 

= ^^l.n~r^l,r , Kn ^ -^iA,n-ri^l,r , (112a) 

r r 

P2,n = -J2'^in-r^2,r , /32,„ ^ J2 '^in-r'>p2,r , U > 0. (112b) 
r r 

For example, the unique eigenstate of Lq + Lq with the lowest eigenvalue is the state |0, 0, 0, 0) of the bosons which 
is annihilated by all positively moded boson oscillators. This state coincides with the vacuum of the fermions in the 
NS-NS sector, |0) which is annihilated by all positively moded fermion oscillators. 

States with nonzero integer momenta are obtained by creating fermions to fill up all fermion states up to a specific 
fermi level, which determines the fermion number of the state and therefore its momentum. For example, the state 
where ttil is a positive integer is given by (up to a phase) 

iTTi,, 0,0,0) ^ 4_^^^....<_3<_. |0) 

If TTiL is a negative, rather than positive integer, the state is 

iTTii, 0,0,0) ~ |o) 

These states satisfy the conditions 

oo 

^ (V'l.-.V'l.r-^l.-rV't) klL, 0,0,0) = ^lilTTii, 0,0,0) (113a) 

OO 

V'l,„-r^l,rklL, 0,0,0) = n>0 (113b) 

r— — oo 

and thus coincide with the requisite states in the boson theory, up to a phase which is not determined by these 
equations. 

In the boson representation, in the phase convention that we have chosen for the boundary state in Ean. l|93|l . the 
inner products of momentum eigenstates and boundary states are all either one or zero. We have found a phase 
convention which produces this result in the fermion representation for the momentum states of interest to us: 

(0|[^l^l...V'i^,,_i][^j.,^_l...^^][4:...4,^_J[Vi2,..-i---^24] ^1 > 0,^2 > 0, 

{m^,^r--^.,..~M,..-^^^^^^ ^1 > 0,^2 < 

{ml^^--4l_,^_^][i^i,-.,-^^--^^^^^ ^1 < 0,^2 < 

[(0|[V'^...4_^^_J][^l,_,,_l...v;l,l][v4,l••<,,_l][4,..-i••■Ki^ ^1 < 0,^2 > 

The additional phases which occur with each state are necessary to make the matrix elements of each state with 
the simply fermionic boundary states | A^, iV), |D, N)^ |iV, D), |Z?, D) match those of the bosonic theory. In the boson 
theory, the overlap of any momentum eigenstate with the simple boundary states is either zero or one, depending on 
the momenta. 
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The half-odd-intcger momenta arc found in the R-R sector. There, the choice of degenerate fermion vacuum is 
determined by the requirement that the state be a boson oscillator vacuum. For example, the state with ttil > is 

whereas, with ttil < 0, 

V'i,^i^+i--V'i,-2?Ai,-i|-) 

Again, our phase conventions can be summarized in bra-vector form below 

f(+-- + |[V'i,i-'Ai,.,_i][^I,,,_i-^li] [4i-^2,..-iH^2,x.-i-^2,i] 7ri>0,7r2>0 

(+ - + - |[V'l,l---^l..,-i][^I^^,_J-.-^Ia][V'2a---^2,-..-iH^2,-..-i--4,l] + ' TTl > CtTi < 

{- +- + \[4^■A,-.,-^\A-^^-h■■■M[4^■■^^^^^^ =+1 TTl <0,7ri >0 ^ ' 

Here, the ordering of the symbols in the vacuum bra- vector, for example ( | follows the same convention as 

for ket-vectors, the first is the state of ipi.o, the second ipi.o, etc., so that ( \'4'i.o = (H I- Again, the 

phases of these states have been adjusted so that they have the correct overlaps with the simple boundary states. 

It is easy to check that, in both the NS and R sectors, the matrix elements of our momentum eigenstates with 
boundary states are 

(7ri,7ri,7r2,7r2|iV, A^) = 
(7ri,7ri,7r2,7r2|A, D) = iJ^^+^j 

(7ri,7ri,7r2,7r2|£', A") = iJ^^-vra 

(7ri,7ri,7r2,7r2|£>,£>) = 1 (116) 
This agrees with what we would obtain in the boson theory. 



B. Rolling Tachyon 

Now, we are ready to compute the matrix elements of the momentum eigenstates with the rolling tachyon state. 
There are three cases of relative signs of the momenta. First, when 7ri,7r2 > 0, 

(7ri,7ri,7r2,7r2|B,£)) = (-775)^1 (-775)^^ (117) 

Second, when tti > and 7r2 < and 7r2 + tti > 0, 

(7ri,7ri,7r2,7r2|B,D) = {-Trgy'+^'6^,+^,. (118) 
Third, when tti < and 7r2 > and 7r2 + tti > 

(7ri,7ri,7r2,7r2|B,D) = (-7r<?)^^+-=.5,,«+,,^ . (119) 

Finally, 

(7ri,7ri,7r2,7r2|B,£') =0 (120) 

otherwise. 

The above formulae apply to both the NS and R sectors where, in the former the momenta arc integers and in the 
latter they are half-odd-integers. It is then straightforward to find the disc amplitude of the rolling tachyon. We take 
the sums 

{X,Y\B,D) = ^ e'^(^i+^=)+''^('^i-^=)(7ri,7ri,7r27r2|B,£») 

7ri,7r2 

— 00 00 



7ri>0,7r2>0 7ri=0 7r2=— tti 

— 00 00 



+ E E (-Trffe'^)"'^"' e'^(— (121) 

7r2=0 7ri =— 7r2 

00 00 ^ 

= E E (-^^^")^^^^^^^"^'^^-^^^ = TT^E^(^+2.n). 

TTl+TTi— TTl— 7r2 = — CSO " U 
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Once we remove the amplitude for the Y-boson, and analytically continue back to Euclidean space, X —it, we find 
that the disc amplitude is 

(t\B) = ^- — - 

which agrees with the result of current algebra, quoted in 175(1 . 



VII. CONCLUSION 



Time evolution of the unstable D-brane, often termed as the rolling tachyon in string theory, is the key to understand 
the dynamics of the string theory. Without understanding of this time dependent process the string theory should 
be regarded as incomplete. The most useful framework to study the time evolution of the unstable D-brane may 
be the boundary state formulation, which describes most efficiently the interaction between the open string and a 
D-brane. The tachyon mode of the open string coordinate along the time like direction of the target space induces 
a nontrivial interaction on the unstable D-brane. Upon taking the Wick rotation on the string coordinate we find 
that the system is be described by a boundary conformal theory with a marginal periodic boundary interaction. 
The theory for the Wick rotated system turns out to be the boundary conformal theory which has a wide range of 
applications in condensed matter physics such as the Kondo model and junctions in quantum wires. Thanks to 
the previous study of the system the exact boundary state is known as a superposition of the SU{2) Ishibashi 

states. However, the complete description of the time evolution and the final fate of the unstable D-brane is still out 
of reach of the current study since the transition functions between the Ishibashi states and the perturbative string 
states are not known in general except for a few states at low mass levels. Thus, there is an urgent need for a more 
suitable perturbative basis with which the exact boundary state may be written explicitly. This is the main purpose 
of the present work. 

With the help of the extra boson field the entire system of the unstable D-brane can be fermionized. The advantage 
of the fermionization is that the boundary interaction can be written as a bilinear operator, being a SU (2) current 
operator, in the fermionized theory. It readily implies that the boundary condition to be satisfied can be linear in 
terms of the fermion fields. Taking advantage of the fermionization we are able to construct the exact boundary 
state for the D-brane, which takes a form of squeezed state in the fermion theory. The fermionization or bosonization 
of the conformal system with the marginal boundary interaction is not new. Once the auxiliary boson field Y is 
introduced, the system becomes the bosonized Kondo model ^^^^l which has been extensively studied in connection 
with various phenomena in condensed matter physics. The boundary conformal field theory of the rolling tachyon 
in the fermionized form is in fact identical to the Kondo model in its original form. The fermionization of the same 
conformal model has been also considered by Polchinski and Thorlacius. But their study was limited to the open 
string theory. 

In this Paper we develop a closed string version of the fermionized conformal theory, which is more suitable to discuss 
the rolling tachyon and construct the exact boundary state. Calculating the space-time dependent disk amplitude 
with a scalar vertex explicitly we prove that the fermion perturbative basis is the most suitable one to investigate 
the time evolution of the unstable D-brane at every level. In this work we mainly deal with the simplest case of the 
half-S-brane. Certainly, the time evolution of the rolling tachyon with more general tachyon profiles can be discussed 
in this fermion representation developed here. We may choose \N,N) as the boundary state to start with to study 
the S-brane within this framework. The present work can be extended along various directions: The immediate one 
would be the rolling tachyon with electric and magnetic fields j2^. It is also interesting to apply the fermionization 
to the supersymmetric rolling tachyon. The outstanding problem is the complete description of the time evolution of 
the rolling tachyon at all higher levels and its final fate. 
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Appendix 
Cocycles for Fermion Operators 

A. One Dimensional System 

We parametrize the cocycles for the fermions as fohows 



Their conjugates are 



^jt _ g-^Q;-^g^(a^pi+^^pfj)gV2jXi 



where we make use of 



Here the left and right-moving bosons are operators defined by the mode expansion: 



■n{T—ia) 



If the fermion field '0L anti-commutes with the fermion field ■0^, all anti-commutation relations between the fermion 
operators are satisfied. It yields the following condition 

g^(/3--a«) ^ _^ (122) 

Thus, we need to impose 

(3^ -a" = 2{2n+l), neZ. (123) 

The Neumann state |iV) is defined as 

XL{ia)\N) ^XR{-i<7)\N), (124) 
which reads in terms of normal mode operators as 

xl\N) = xr\N), pl\N) = -pr\N), an\N) = -a_„|7V) 

If we choose the cocycles appropriately we can simply realize the Neumann state in terms of fermion operators. It 
requires 

- - fi^ + (3^ = 0. (125) 
Under this condition Eq. H125|l the Neumann state can be expressed in terms of fermion fields as follows 

V^ilTV) = e¥/5"vl?jA^), = e^^-^"+^"~P"HR\N). (126) 

This condition is consistent only if 
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We also require that the Dirichlet state \D) takes a simple form in the fermion theory. The Dirichlet condition is 
given in the bosonic theory as 

Xl\D) = ^Xr\D), (128) 

which can be read in terms of normal modes as 

xl\D) = -xr\D), pl\D) = pr\D), an\D) = a_„|L»). 

Applying the fermion operators on the Dirichlet state, we see that the Dirichlet condition is expressed in terms of the 
fermion operators only (without a nontrivial cocycle) only if 

+ +/?^ = 0. (129) 

If this condition Eq. (|129|l holds, the Dirichlet boundary condition in the fermion theory is given by 

■tjj^lD) = e'5'("''+""')Vfl|£'), ^l\D) = e^'5^("^+'3^)vljl^)- (130) 
This condition is consistent only if 

-1. (131) 



Note that this condition coincides with the anti-commutation condition Eq. H123(l . 
The solutions to the Eqs. H123I125I127I129|) exist but not unique 

a^^n, (3^ = 2m + l, a^ = -2m~l, = -n, (132) 

where n,m G Z . The simplest solution may be with n = m = 

= 0, 13^ = 1, a" = -1, 13"' = 0. (133) 

With this choice the fermion field operators are defined as 

V'L = e-'^P^e-^'^'^, Vi^ = e-'s'P^e^*^^ (134) 

Accordingly the Neumann boundary condition and the Dirichlet boundary condition are written as 

^l\N) = iij\\N), ^:l\N)^i^n\N), (135) 



B. Two Dimensional System 



We may parametrize the cocycles for the two dimensional system with two Dirac fermions in general as follows 



V;2L = e^("".''i+''^"P-)e^^*', (136) 



where j = 1,2. Their conjugates are 



= e-¥"22e-¥K-Pi+/3i,-Pi)e-v^'*'^ (137) 
= e-'?'^"e-'5'Kpi.+'3uPi)e-^**«, 
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where we make use of 

\pl^i] = \p\i,<] = -iS''- (138) 
Requiring the anti-commutation relation between tpi^ and ijjjL we find 

Likewise requiring the anti-commutation relation between xjiiR and Vjfl, we get 

e¥(/35-/3il) = -1, for i ^ j. (140) 
The anti-commutation relation between tjjiL and ipjR yields the following condition 

¥(/3£-"«) = _i. (141) 



e 



Then anti-commutation relations will be ensured between all fermion operators. 

The simple boundary conditions should be realized in terms of the fermion operators (without the cocycles). We 
begin with the boundary state \N,N). The \N,N) boundary condition is given in terms of the bosonic operator as 
follows 

^i\N, N) = $*fl|Af, N) (142) 
This condition can be realized simply in fermion theory if the following conditions are satisfied 

a^.-a^-/3^.+/3,^ = 0. (143) 
Under this condition we may write define | A'', A'') in the fermion theory as 

^l\N,N) = e'^l^^^^'^\N,N}, Vi |iV,iV) = e-'^^°'^--'^^'+^^^^}i\N, N). (144) 
The consistency requires 

In the two dimensional system we have well defined fermion current operators and J'^ 

^-Mlj3^-Ki4 ^ e-'^'-'hd^Xe"'-^^ = -id^X, (146) 



e 



-^iJo j'3f.^iJo = e-'^''^'''\d,Ye'''-'° = -id^Y. 



Using these fermion current operators we can obtain the boundary states \N, D) \D, N) and ID, D) consistently if we 
once have the boundary state \N, N) in the fermion theory 

|D,7V) =e-"''''"|iV,iV), \N,D) =e-'"'^'^'\N,N), \D,D) = e-'''^-^o+-^o^\N,N). (147) 

The tachyon boundary interaction term may be written in terms of fermion operators only if we choose a's and P's 
appropriately. Since we may write the tachyon interaction term 

we find that it can be rewritten in terms of fermion field operators only if the following condition is satisfied 

af,. + a«=0, /3^.+p^.=0, (149) 
Then the tachyon boundary interaction term can be written as 

. gi(x^+x„) . ^ e*(«ii+«?i)^t^^^^|5^ = ^LVikI-B, D). (150) 

We note that the tachyon interaction term can be also written as 
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This equation can be expressed in terms of the fermion field operators if the following condition is satisfied 

«2j+<=0, p^^+p^^^O. (152) 
Under this condition Eq. H152|) the tachyon boundary interaction term can be written as 

. ^^ix,+x^) . 1^^^^ ^ e^^^^"-+''"^mi^i;2L\B,D) = 4j,^P2l\B,D). (153) 
It is not difficult to show that there exist solutions to the conditions Eqs. P39I14UI141I143I145I149I152|I . 

(154) 





= Pll = 




~/3fi 


= 2n + 


1, 




= Pl2 = 


-«f2 = 




= 2k + 


2^ + 2, 


"21 


= P2I = 








21, 


"22 


= P^2 = 




-P^2 


^ 2m- 


hi, 



where n, m,k,l € Z. Choosing n = m = k = I = 0, we may get the simplest solution 



"n 



"12 = 012 = -0^12 = -P12 = 2, (155) 



Pll = 


-"fl = 


-/5fi 


= 1, 


Pl2 = 


-"f2 = 


-/3f2 


= 2, 


P21 = 


-"^1 = 




= 0, 


P^2 = 


-"?2 = 


-/32«2 


= 1, 



"21 
"22 

With this solution the boundary condition for \N,N) reads as 

rL\N,N)=ti;'^\N,N), i;'^\N,N)^ti;],\N,N), z-1,2. (156) 
Applying e^'^^-'o to \N,N) we obtain the boundary state \D,N) = e^'^''-'i\N, N) 

il)ie''"»\D,N) = #i||i:i,7V). (157) 

Since 



e 



-"^o^ig'^^^' = iiPl, e-'''-^«iple'''^o = iipi, (158) 

we get the boundary condition for \D, N) in the fermion theory 

^l\D,N) ^ i/^\D,N), i^l\D,N)=^]^\D,N) (159) 

The boundary state \N,D) can be obtained by applying e^^^'^o to \N,N) 

\N,D)^e--^'o'\N,N), J^i = iy'g(v,t^^t^+V'2LV'iL). 

Since 



(160) 



e— •^0 ^le-'^o ^ i^2t^ e^-^"^2g.»,/- ^ _^^it^ (^g^^ 
e— ^^'^itg-*./^^ = -z^i , e-"'^o>2tg../- ^ ^^1 ^ 

we get the boundary condition for | A^, D) in the fermion theory 

iji\N,D) ^ ^l\N,D), i;l\N,D)^-ij],\N,D), (162) 

Finally applying e^'^'^'^o+'-^o^^ to |A^, A^), we get the boundary state \D,D) and its boundary condition. With the 
help of Eq. ifTCS)) and Eq. lfTET|l 

^il\D,D) = i^iB.\D,D), ^2l\D,D) =-iij2R\D,D), (163) 
4l\D,D) = i4r\D,D), 4^\D,D) = -i4j,\D,D). 
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[48] The first of these is equivalent to usual Dirichlet condition 9r<?!>(0, a) |Z)) = plus the additional condition that (xl — 
xr)\D) — which we are free to impose. 

[49] For this computation we use the identity ^1 + i/'j?/'2^ ~ e^^^^ to express the non-zero mode parts of the boundary states 
using exponential operators operating on the vacuum. Then we use the identity (0|e"* *^'''e'''^'''|0> = det(l + MN). 



